Size dependent hardness has long been reported in nanosized indentations, however the corresponding explanation is still in exploration. In this paper, we examine the influence of surface energy on the hardness of materials under spherical indentation.
Introduction
With the development of depth-sensing indentation technique, nanoindentation tests are widely conducted to extract the mechanical properties of materials, such as elastic modulus and indentation hardness [1] [2] [3] [4] . In this technique, the hardness is usually defined as the indentation load divided by the projected contact area [4] .
However, this value will vary in the indentation process, either a specified load or an indent depth has to be chosen as a standard. As another alternative, if the maximum contact pressure within the whole indentation process is employed to define the hardness, it depends only on the mechanical properties of measured materials. For the spherical indentation of elastic-ideally plastic materials, the hardness is related to the yield stress and elastic modulus, and is approximately three times of yield stress for materials with large ratio of elastic modulus to yield stress [5] [6] [7] . Thus the indentation hardness is not an independent material property but an indicator or combination of other mechanical properties.
In macroscopic continuum mechanics, the mechanical properties of solids are expected to be independent of sample size. However, when the indent depth decreases to micrometers or even nanometers, the measured hardness displayed clear size dependence [8] [9] [10] . Various factors have been ascribed to the causes of size dependent hardness [11] . For micro-indentations, strain gradient theories are successful to interpret the size effects of measured hardness [12, 13] , but not sufficient for nano-indentatons [14] . Atomistic simulations [15] and experimental evaluations [9] strongly suggested that surface effect plays a critical role in nanosized contact problems [16] .
In recent decades, attentions on the influence of surface tension or surface energy on contact problems of elastic materials has grown considerably. Based on the surface Green's functions with surface tension [17, 18] , Long et al. [19, 20] analysed the plane strain and axisymmetric contact problems respectively, and suggested that the existence of surface tension could lead to evident size-dependent contact responses. Using Stroh's formalism and considering the effects of surface stress and surface elasticity, Hayashi et al. [21] investigated the contact problems of anisotropic elastic half space, the results of load-depth relation agreed well with that of molecular dynamics analysis. Through FEM simulations, Ding et al. [22] studied the nanoindentation of soft solids with surface energy. The obtained overall indentation responses, i.e. the load-depth relations, were then employed to explain the depth dependent moduli of biological cells [23] . The contact problems with both surface tension and adhesion have been considered by Hui and his coworkers [24, 25] .
However, the effect of surface energy on material hardness has been rarely addressed.
The hardness in most previous studies focused on plastic deformation at large indentation, in fact, the contact pressure at the inception of yield could also be an indicator to characterize the mechanical property of materials. In the present work, a yield hardness is defined as the mean contact pressure at the onset of yield, which is found to be dependent on the yield stress and Poisson's ratio and thus can also be used to indicate the resistant ability to indentation. Then we consider the effects of surface energy on the yield hardness under spherical indentation. Through finite element simulations and dimensional analysis, the expressions of the yield hardness and the indent depth at yield initiation are generalized explicitly.
Finite element model
As illustrated in Fig. 1 , an isotropic half space is indented by a rigid sphere with radius R. An external load P is applied on the indenter, and induces a circular contact area with radius a and an indent depth d. Refer to a cylindrical coordinate system, with the origin located at the initial contact point and the z-axis directed to the compressive direction.
Our FEM simulations are carried out in the commercial software ABAQUS.
Through the user subroutine UEL, we develop surface elements to incorporate the influence of surface energy. In our simulations, a constant surface energy density γ is assumed on the surface. To seek the equilibrium state of this contact problem, the Newton-Raphson method is adopted in ABAQUS. Further details about finite element simulations incorporating surface energy can be referred to reference [26] .
An axisymmetric model is adopted here to simulate the spherical indentation on a half space, as shown in Fig. 2 . The isotropic half space is discretized by four-node linear axisymmetric quadrilateral elements (CAX4), and surface energy is accounted by user-defined surface elements. The displacement along the z-direction is prescribed to be zero on the bottom boundary, and the displacement along the r-direction is fixed on the symmetrical axis (r=0). The contact condition is set as frictionless between the half space and the indenter. As preparation, convergence has been examined to guarantee the accuracy of our numerical results.
Results and discussions
For the indentation of an elastic half space by a rigid spherical indenter, the classic contact theory predicts the stresses along the z-axis as [27]   This implies that the yield hardness defined here is an intrinsic property, which only relates to the yield strength and Poisson's ratio of the material, and thus can be used to indicate its resistance ability to deformation. 
where E * =E/(1-v 2 ) is the combined elastic modulus. 
When yield strength Y is much larger than the ratio /R, the surface effect vanishes and the critical indent depth d s can be directly obtained by Eq. (9) . For the smaller ratios of YR/, thus the more significant surface effect, the normalized indent depth d s /d 0 increases, indicating that the a larger indent depth is required to reach the yield due to surface energy. This implies that surface energy tends to resist yield. The above explicit expressions (Eqs. (11) and (12)) can be used to determine the yield strength and surface energy of solids through nanoindentations.
Conclusions
The spherical indentation on an elastic half space with surface energy has been 
